By using geometric methods and superenergy tensors, we find new simple criteria for the causal propagation of physical fields in spacetimes of any dimension. The method can be applied easily to many different theories and to arbitrary fields (such as scalar or electromagntic ones). In particular, it provides a conservation theorem of the free gravitational field in all N -dimensional spacetimes conformally related to Einstein spaces (including vacuum solutions). In the case of general relativity, our criteria provide simple proofs and a unified treatment of conservation theorems for neutrinos, photons, electrons and all other massless and massive free spin n/2 fields. The uniqueness of the solution to the field equations also follows from our treatment under certain circumstances.
The traditional way of studying general properties of field equations for physical fields on spacetimes is to introduce some coordinates and translate the geometric structure into the language of standard theory of partial differential equations to apply analytic methods or to consider the existence of fundamental solutions (propagators), see [1, 2, 3, 4, 5, 6, 7, 8] and references therein. In this letter we put forward a way to use the geometric information in a more direct manner. We show how a conservation theorem for fields can be proven, a theorem which provides information about the causal propagation of the fields. Our methods work for spacetimes of any dimension, so that it can be applied to many different theories including string theory, M-theory, super-gravity, gauge theories, Kaluza-Klein-like theories and many others (see e.g. [9] ). The idea is to generalize the conservation theorem proved in [10] for the energy-momentum tensors that satisfy the dominant energy condition to the case of arbitrary physical fields. The key points in our reasoning are: first, "superenergy" tensors with the corresponding dominant property can always be constructed and, second, these tensors do not have to be related to any physically meaningful quantity, nor to the energy-momentum tensor of the field (which, in fact, cannot be used in many cases, see below, including the important case of the gravitational field where it cannot be defined).
Let spacetime V N be an N -dimensional Lorentzian manifold with a metric g of signature (+ -... -). Assume that S is an (N − 1)-dimensional closed achronal set in V N and D + (S) its future Cauchy development (see [10] for notation and definitions). We shall show that if a rank-m tensor T satisfies the dominant property:
for any set { u 1 , . . . , u m } of causal future-pointing vectors, then a sufficient condition for
can be expressed as simple inequalities in terms of the divergence of T . The dominant property is equivalent to that with respect to an orthonormal basis { e 0 , . . . , e N −1 } the pure time component dominates any other component, that is
for any 0 ≤ α, . . . , β ≤ N − 1 [11] . Note that this also implies that T 0...0 = 0 ⇒ T = 0. (Observe that the dominant property is a generalization of the dominant energy condition for rank-2 energy-momentum tensors [10] .) In general, a physical field A will not have the dominant property but, as has been proven in complete generality in arbitrary dimensions [11, 12, 13] , one can always construct a superenergy tensor T (A) of A which has the dominant property and such that
This construction generalizes the definitions of energy-momentum tensors of scalar and Maxwell fields and the definitions of Bel and Bel-Robinson superenergy tensors for the Riemann and Weyl tensors respectively. Many examples of T (A) will be given below. Note that the standard energy-momentum tensors of physical fields, even in the cases they are well defined, do not always have the dominant property [14] so they cannot be used as the tensor T (A) in general for our purposes. For achronal S, intD + (S) is globally hyperbolic and it can therefore be foliated by spacelike hypersurfaces Σ t ≡ {t =const.}, where the gradient v = dt is timelike everywhere in intD + (S). Take any point q ∈ D + (S), then K ≡ J − (q) ∩ D + (S) is compact and has boundary ∂K =S ∪ H + (S), whereS ≡ S ∩ J − (q) and H + (S) is the future Cauchy horizon ofS. If T is an arbitrary rank-m tensor, we define
Here J − (Σ t ) denotes the causal past of Σ t , η the canonical volume N -form on V N , dσ a 1 | Σ t ′ the volume (N − 1)-form on Σ t ′ pointing along v, and t 0 the minimal value of t in K.
The procedure now follows the structure of a theorem for energy-momentum tensors in [10] . Differentiating, we get by Gauss' theorem
where dσ a | ζ always denotes the outward-pointing volume (N − 1)-form on any (N − 1)-dimensional subset ζ. Assume now that T has the dominant property. By (3) and (4) we have that
As K is compact, we have by
Similarily, we get constants M 3 , . . . , M m from the other terms so that putting M ≡ M 2 + . . . + M m and using the fact that the normal to H + (S) pointing outwards from K is future-pointing, we get by (5) that
If T = 0 onS (we usually think of S as an initial slice), then
Consider now the following divergence condition 1 :
where h is a continuous function on D + (S). Then eq.(6) becomes simply
where the constant H is the maximum of h on K. Integrating this relation and using w(t 0 ) = 0, one then arrives at w(t) ≡ 0 .
This means that T 0...0 ≡ 0 on K (with e 0 ∝ v) and hence T ≡ 0 on K. In the case D + (S) is not itself compact and T = 0 on S, for any point q ∈ D + (S) we can apply the above reasoning to the corresponding compact K to obtain T = 0 on K (including q) and hence we get that T = 0 on D + (S). We have thus proved the following result for any achronal S: If T has the dominant property and satisfies the divergence condition This theorem is clearly related to the causal propagation of the field described by A, because if A = 0 in any region arbitrarily close to D(S) then A will propagate in time according to the field equations but it will never be able to "enter" D(S), showing that A cannot travel faster than light.
As an example in arbitrary dimension, consider a minimally coupled scalar field φ with mass m satisfying the Klein-Gordon N -dimensional equation 2 + m 2 φ = 0. Define the tensor T (φ) as
which is the standard energy-momentum tensor. T is easily shown to have the dominant property in any dimension and to be zero if and only if φ = 0 (iff ∇ a φ = 0 for the massless case). Furthermore, as T is divergence-free the theorem shows that φ| S = 0 =⇒ φ| D(S) = 0 (∇φ| S = 0 =⇒ φ| D(S) =const. if m = 0). Furthermore, due to the linearity of the Klein-Gordon equation, this result implies that φ| D(S) is unique given the initial condition φ| S . We remark that for the more general field equation 2 + m 2 φ = k a ∇ a φ, where k a is some continuous vector field, the same T is not divergence-free in general but will always satisfy the divergence condition. Hence the the above results (including uniqueness) follow for such fields too. A similar proof works for the electromagnetic field using the energy-momentum tensor in dimension N . Much more interesting is the case of the free gravitational field in N dimensions. Let T be the generalized Bel-Robinson tensor given by [13] T abcd = C a e c f C bedf +C a e d
where C is the Weyl tensor. Then T has the dominant property [13] (see [15] , [16] for N =4, in which case T is completely symmetric and traceless). Letg be any metric conformally related to g byg = e 2U g
ThenC a bcd = C a bcd and∇
which implies
If ∇ a C a bcd = 0, then ∇ a T a bcd = 0 and by (11) we see that the divergence condition holds forT . This includes all spacetimes conformally related to Einstein spaces (R ab = Λg ab ), including the important case of vacuum with a possible cosmological constant. Thus we have a simple proof of the causal propagation of gravity in all such spacetimes, which are of big generality. The special case of vacuum in N = 4 (where the BelRobinson tensor is divergence-free) was studied in [15] .
In the case of general relativity, for many fields one can construct a tensor T satisfying (7) . Note that the energy-momentum tensors, which would be obvious candidates, are not always well defined (as happens for massless fields of spin higher than one), and that in many cases, such as for instance spin-1/2 fields, the standard energy-momentum tensors do not satisfy the dominant energy condition [14] . Therefore, we must construct some other tensor T in these cases in the same way as with the Bel-Robinson tensor above. As mentioned before, in fact one can always construct a superenergy tensor T (A) of any field A with the dominant property [11, 12, 13] .
Consider a massless spin n/2 field ϕ. This is described by a symmetric spinor field ϕ A 1 ...An = ϕ (A 1 ...An) (spinor indices are capital letters; see [14] for notation) and the field equation is [14] ∇
For the neutrino (n = 1) and the photon (n = 2) this is a well-posed initial value problem, but for n > 2 there are algebraic constraints for existence of solutions. We refer to [14] for a discussion on these restrictions. Define the tensor T (ϕ) by
(with the usual identification a 1 ↔ A 1 A ′ 1 between tensor and spinor indices [14] and where the bar denotes complex conjugation). As shown in [12] , any sum of spinors squared in this sense has the dominant property. Note that for n = 2 this is the usual energy-momentum for Maxwell fields. By (12) , ∇ a 1 T a 1 ...an = 0 and as T (ϕ) = 0 ⇔ ϕ = 0, the conservation theorem is valid for ϕ. The theorem also holds for more general field equations. In analogy with the generalized Klein-Gordon N -dimensional equation, we can consider the simple generalization
for some continuous vector field k a . Then the divergence condition is also satisfied and therefore the theorem is applicable to such fields too. In any case, the uniqueness of ϕ on D(S) for a given initial condition ϕ| S holds. For massive spin n/2 fields ϕ, χ we have [17] , [18] 
with µ, ν = 0 and m 2 = 2µν. This is a well posed initial value problem for all spins. Let
with constants α, β > 0. Then T has the dominant property, T = 0 ⇔ ϕ = 0 = χ and
Here we have used eq.(C1) of [18] and Ψ denotes the Weyl spinor. For any α and β, any product of two components of χ and ϕ with a bounded coefficient will be smaller than a constant times the time component T 0...0 of T (so it is not necessary to make the natural choice βν = αµ). Thus the divergence condition (7) is satisfied and (ϕ, χ) propagate causally. The uniqueness of (ϕ, χ) on D(S) given the initial condition (ϕ, χ)| S follows again.
To summarize, we have presented an extremely simple and fully geometric argument for the causal propagation of physical fields in arbitrary dimensions. A sufficient condition, in many cases very easy to check explicitly, for causal propagation is given in terms of the divergence of an adequate superenergy tensor of the field. From (3) it is clear that only the symmetric part of T matters but, on the other hand, it is also clear that we can choose to use any non-symmetrical T that satisfies the divergence condition if this is helpful. Furthermore, the divergence condition (7) can be weakened, for it does not need to hold pointwise but only on integrated form (even weaker conditions on the integral in (6) can actually be imposed for the conclusion (8) to follow). One can also formulate the conservation theorem for sets more general than D(S), but we have restricted ourselves to a physically interesting situation.
We believe that more sophisticated theorems for physical fields can be found using superenergy tensors to define norms and to do estimates (as in [19] ). The fact that it is always possible to construct a superenergy tensor with the dominant property of any field is fundamental here. The connections with the theory of hyperbolic partial differential equations need to be investigated. In particular, it could be interesting to find the relationship between the divergence condition (7) for T (A) and the hyperbolic character of the field equations for the field A.
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